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GENERAL RULE FOR CONSTRUCTING ORNATE MAGIC 

SQUARES OF ORDERS =0 (MOD. 4). 

Take a square lattice of order 4m and draw heavy lines at 
every fourth vertical bar and also at every fourth horizontal bar, 
thus dividing the lattice into m^ subsquares of order 4. The "period" 
consists of the 4m natural numbers 1, 2, 3. . . . 4m. Choose from 
these any two pairs of complementary numbers, that is, pairs whose 
sum is 4m + 1 and arrange these four numbers, four times repeated, 
as in a Jaina square (first type) in the left-hand square of the top 
row of subsquares in the large lattice. It is essential that the Jaina 
pattern shall contain only one complementary couplet in each of 
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Fig. 1. 



Fig. 2. 



its four columns, i. e., if the two pairs are a^ a,^ and 61 &2> every 
column must consist entirely of a's, or entirely of &'s. The first 
Jaina type can be obtained by using the paths (1, 2), (2, 1) and the 
order o^ fej dj h^ four times repeated. This gives the square shown 
in Fig. 1, which fulfils the conditions. Proceed in the same way 
with each of the m subsquares in the top row, using a different 
pair of complementaries in each subsquare. Since the period 1, 

2, 3 4m contains 2m complementary pairs and two pairs are 

used for each subsquare, it follows that when the top row of sub- 
squares is filled up, all the 4wt numbers will have been used. 

Now fill all the remaining rows of subsquares in the large 
lattice with replicas of the top row. The outline so constructed can 
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always be turned over either of its central diagonals without repe- 
tition. The resulting square will therefore contain the first (4jm)* 
numbers without repetition or omission, and it will always have the 
following magic properties. 

A. The Great Square 

1. is magic on its Am rows and 4w columns ; 

2. is pandiagonal, i. e., magic on its 8w diagonals ; 

3. has Franklin's property of bent diagonals in an extended 
sense; i. e., we can start at any cell in the top row, and proceeding 
downward bend the diagonal at any heavy horizontal bar. It 
matters not how many times we bend, or at which of the heavy 
bars, providing only that when the traverse is completed, the number 
of cells passed over in the one direction (downward to the right) 
shall be exactly equal to the number passed over in the other direc- 
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Fig. 3. 



Fig. 4. 



tion (downward to the left). Similarly we may start at any cell 
in the left-hand column and, proceeding diagonally to the right, 
bend the diagonal at any heavy vertical bar under the same limita- 
tions. 

It will be noticed that when the order of the square is s4 
(mod. 8), i. e., when m is odd, the central bars are not heanjy bars, 
and also the number of rows of subsquares is odd. We cannot 
therefore in these cases get a magic bent diagonal traverse from 
top to bottom of the square, but we may stop at the last heavy bar 
before reaching the bottom of the square, when we shall have a 
sum 4(»t- 1) times the mean, or we may carry the diagonal beyond 
the bottom of the square and traverse the top row of subsquares a 
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Fig. 5. 
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second time, when the sum will be 4(w+l) times the mean. We 
can get in these cases a diagonal traverse 4m times the mean by 
inserting at any point one vertical series of four cells between any 
two heavy bars atfd then continuing diagonally. 

4. The great square is 4-ply, and therefore 4-symmetrical, 
i. e., we may choose any vertical and any horizontal bar (not 
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Fig. 7. 

necessarily heavy bars) and we shall find that any four cells, sym- 
metrically situated with regard to these two bars as axes, will con- 
tain numbers whose sum is four times the mean. It follows that 
any 4»w cells which form a symmetrical figure with regard to any 
such axes will contain numbers whose sum is the magic sum of the 
great square. 
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B. The Subsquares 

5. are balanced Jaina squares, i. e., each of them has the 36 
summations of a Jaina and in each case the magic sum is four times 
the mean number of the great square. 

6. They have the property of subsidiary minors, i. e., if we 
erase any p rows of subsquares, and any p columns of the same 
and draw the remaining rows and columns together, we have a 
square with all the properties of the original great square. 

EXAMPLES 

In every case the Jaina pattern quoted above is used. Fig. 2 is 
an example of order 8 and the complementaries have been paired 
thus: 2,7 with 3,6; and 4,5 with 1,8. The La Hirean primaries 
of Fig. 2 are shown in Figs. 3 and 4. 

Fig. 5 is an example of an order 12 square in which the pairing 
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Fig. 9. 

of the complementaries is 3,10 with 4,9; 1,12 with 5,8; and 6,7 
with 2, 11. 

* * * 

A square of order 16 is shown in Fig. 6. The couplets in this 
square are taken thus : 

8 and 9 with 7 and 10; 1 and 16 with 5 and 12; 
4 and 13 with 6 and 11; 2 and 15 with 3 and 14. 

Figs. 7 and 8 show respectively squares of orders 20 and 24 
in which the couplets are taken in numerical order, i. e., for order 
20, 1 and 20 with 2 and 19; 3 and 18 with 4 and 17, etc. 

In Fig. 8 there are 1008 magic diagonal summations. Since we 
can bend at any heavy bar, the number of bent diagonals from top 
to bottom, starting at a given cell in the top row, is the same as the 
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number of combinations of 6 things 3 at a time, viz., 20. Therefore 
there are 20x24=480 bent diagonals from top to bottom and 480 
more from side to side. Adding the 48 continuous diagonals we 
get 1008. 

In the foregoing pages the question of magic knight paths has 
not been considered. It is, however, easy for all orders > 8 and = 
(mod. 8) to add the knight nasik property without sacrificing any of 
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Fig. 10. 

the other features, by a proper choice of the complementary coup- 
lets for the subsquare outlines. The example shown in Fig. 9 will 
explain. It shows the top row of subsquares in a scheme for order 
16. The numbers above the squares indicate the couplets used, 
the Jaina pattern. Fig. 1, being used throughout. The rule is 
simple: the leading numbers, 1, 13, 12, 8 must sum four times 
the mean of the period, i. e., 34, while of course no one of them 
may be a complement of any other. Their complementaries 16, 
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4, 5, 9, will then have the same sum, and the second members in 
each square will be similarly related. The square is completed by 
filling the remaining rows with replicas and turning over a central 
diagonal. Fig. 10 is a square of order 16 constructed from the 
outline Fig. 9. It has all the properties of the 16^ shown in Fig. 6, 
and is also magic on its 64 knight paths. 

The following is an arrangement of the couplets for a square 
of order 24: 

I l.24-4.2il8.i7-5.20li0.i5-i3.i2lll.i4-l6.9l22.3-l8.7l23.2-i9.6l 

C. Planck. 
Hayward's Heath, England. 



ORNATE MAGIC SQUARES OF COMPOSITE ODD 

ORDERS. 

When we consider these orders in the light of the general rule 
used for orders =0 (mod. 4) it appears at first sight that they 
cannot be made to fulfil all the conditions; but it is not essential 
to the ply property, nor to the balanced magic subsquares that the 
numbers be taken in complementary pairs for the subsquares of the 
outline. All that is necessary is that the groups of numbers chosen 
shall all have the same sum. 

Suppose, as an illustration, we are dealing with order 15. If 
we can arrange the first 15 natural numbers in five balanced 
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Fig. 1. 



Fig. 2. 



columns, three in a column, and form five magic outlines of order 3, 
using a different column thrice repeated for each outline, we shall 
have five balanced magic outlines like Fig. 1. These can be ar- 
ranged in the first row of subsquares with replicas in the following 
rows. If we can turn this outline upon itself in some way to avoid 
repetitions, we shall have a magic square which will be 9-ply and 
with magic subsquares. But will it be pandiagonal? 

In the small outlines of 9 cells made from Fig. 1 as a pattern, it 



